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1. All values of a for which the inequality

1√
a

∫ a

1

(
3

2

√
x+ 1− 1√

x

)
dx < 4

is satisfied, lie in the interval.

(A) (1, 2)

(B) (0, 3)

(C) (0, 4)

(D) (1, 4)

Correct Answer: (C) (0, 4)

Solution:

1. Step 1: Write the integral in separate terms:

I(a) =

∫ a

1

(
3

2

√
x+ 1− 1√

x

)
dx

2. Step 2: Break it down into individual integrals:

I(a) =

∫ a

1

3

2

√
x dx+

∫ a

1

1 dx−
∫ a

1

1√
x
dx

3. Step 3: Compute each of the integrals:

∫ a

1

3

2

√
x dx =

[
3

2
· 2
3
x3/2

]a
1
= a3/2 − 1

∫ a

1

1 dx = a− 1

∫ a

1

1√
x
dx = [2

√
x]a1 = 2

√
a− 2

4. Step 4: Substitute the results into the inequality and simplify:

1√
a

(
a3/2 − 1 + a− 1− 2

√
a+ 2

)
< 4

2



Admin
Sticky Note
None set by Admin

Admin
Sticky Note
MigrationNone set by Admin

Admin
Sticky Note
Unmarked set by Admin



(B) y + 1 = e−f(x) + f(x)

(C) y + 2 = e−f(x) + f(x)

(D) y − 1 = e−f(x) + f(x)

Correct Answer: (B) y + 1 = e−f(x) + f(x)

Solution:

1. Step 1: Start with the given differential equation:

y′ + yf ′(x)− f(x)f ′(x) = 0

This is a first-order linear differential equation involving both y and f(x).

2. Step 2: Rearrange the terms to isolate y′:

y′ = f ′(x) (f(x)− y)

Now, we have an equation that describes how y changes with respect to x, in terms of

the function f(x) and its derivative.

3. Step 3: Notice that the form of the equation suggests that y might be related to f(x) in

some way. Since f(x) → 0 as x → ∞, we expect y(x) to simplify as well, possibly to a

constant.

4. Step 4: Assume that as x → ∞, the behavior of the functions becomes simpler.

Specifically, since limx→∞ f(x) = 0, we hypothesize that y(x) may behave similarly to

an exponential function that decays as f(x) does.

5. Step 5: Assume a solution for y(x) in the form:

y + 1 = e−f(x) + f(x)

This form satisfies the differential equation and the condition that as x → ∞, y(x) → 0

because f(x) → 0.

4
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xy′ + y = ex

This is a linear first-order differential equation.

2. Step 2: Multiply the equation by the integrating factor µ(x), which is µ(x) = x.

x · y′ + x · y = x · ex

This simplifies to:

d

dx
(xy) = xex

3. Step 3: Integrate both sides of the equation with respect to x:

∫
d

dx
(xy) dx =

∫
xex dx

The right-hand side can be integrated by parts:

∫
xex dx = xex − ex + C

Thus, we have:

xy = xex − ex + C

4. Step 4: Solve for y:

y = ex − ex

x
+

C

x

5. Step 5: Use the initial condition y(a) = b to find C:

b = ea − ea

a
+

C

a

Solving for C:

C = a(b− ea +
ea

a
)

6. Step 6: Substitute the value of C into the equation for y:

6
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(A) a

(B) a
2

(C) 2a

(D) 4a

Correct Answer: (C) 2a

Solution:

The particle’s position is given by:

x = a sin(
√
t+ b).

Step 1: Velocity of the particle. The velocity v is the derivative of x with respect to time t:

v =
dx

dt
.

Differentiate x:

v = a cos(
√
t+ b) · d

dt
(
√
t+ b).

Since d
dt(

√
t+ b) = 1

2
√
t
, the velocity becomes:

v = a cos(
√
t+ b) · 1

2
√
t
.

Step 2: Condition for the particle to come to rest. The particle comes to rest when v = 0,

i.e., when:

cos(
√
t+ b) = 0.

The general solution for cos(θ) = 0 is:

√
t+ b =

π

2
+ nπ for integers n.

From this, we solve for t:
√
t =

π

2
+ nπ − b.

Let the particle come to rest at two consecutive points corresponding to n = k and n = k + 1.

The values of
√
t at these points are:

√
t1 =

π

2
+ kπ − b,

√
t2 =

π

2
+ (k + 1)π − b.

10
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Correct Answer: (B) an < bn for all n > 2

Solution:

1. Step 1: The general term of an A.P. is given by:

an = a1 + (n− 1)d

where a1 is the first term and d is the common difference.

2. Step 2: The general term of a G.P. is given by:

bn = b1r
n−1

where b1 is the first term and r is the common ratio.

3. Step 3: We are given that the first and second terms of both progressions are equal, i.e.,

a1 = b1 and a2 = b2.

- For A.P., a2 = a1 + d - For G.P., b2 = b1r

Equating these:

a1 + d = b1r

Since a1 = b1, we get:

d = b1(r − 1)

4. Step 4: Now, for n > 2, the general terms an and bn are:

an = a1 + (n− 1)d = b1 + (n− 1)b1(r − 1) = b1[1 + (n− 1)(r − 1)]

bn = b1r
n−1

5. Step 5: To compare an and bn, let’s examine their behavior for large n.

- As n increases, the term (n− 1)(r − 1) will make an grow linearly, whereas bn will

grow exponentially (since r > 1 in a G.P.).

- Therefore, for n > 2, an will always be less than bn for the G.P., hence an < bn.

14

Admin
Sticky Note
None set by Admin

Admin
Sticky Note
MigrationNone set by Admin

Admin
Sticky Note
Unmarked set by Admin



Admin
Sticky Note
None set by Admin

Admin
Sticky Note
MigrationNone set by Admin

Admin
Sticky Note
Unmarked set by Admin



Admin
Sticky Note
None set by Admin

Admin
Sticky Note
MigrationNone set by Admin

Admin
Sticky Note
Unmarked set by Admin



Admin
Sticky Note
None set by Admin

Admin
Sticky Note
MigrationNone set by Admin

Admin
Sticky Note
Unmarked set by Admin



Admin
Sticky Note
None set by Admin

Admin
Sticky Note
MigrationNone set by Admin

Admin
Sticky Note
Unmarked set by Admin



Correct Answer: (A) 2

Solution:

(A) 2

(B) −4
3

(C) −2

(D) 4
3

Correct Answer: (A) 2

Solution:

The given equation is:

(x2 log x) log9 x = x+ 4.

Step 1: Rewrite log9 x.

We know:

log9 x =
log x

log 9
.

Substitute this into the equation:

(x2 log x) · log x
log 9

= x+ 4.

Simplify:
x2(log x)2

log 9
= x+ 4.

Multiply through by log 9:

x2(log x)2 = (x+ 4) log 9.

Step 2: Test potential solutions.

Let x = 2. Substitute into the equation:

x2(log x)2 = (x+ 4) log 9.

Substitute x = 2:

(22)(log 2)2 = (2 + 4) log 9.

Simplify:

4(log 2)2 = 6 log 9.
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(D)

0 −1

1 0


Correct Answer: (A)

cos 2θ − sin 2θ

sin 2θ cos 2θ


Solution:

The given matrix A represents a 2D rotation matrix. For A, multiplying A repeatedly

corresponds to successive rotations by θ. Specifically:

Ak =

cos(kθ) − sin(kθ)

sin(kθ) cos(kθ)

 .

Here, A100 represents a rotation by 100θ:

A100 =

cos(100θ) − sin(100θ)

sin(100θ) cos(100θ)

 .

Step 1: Simplify 100θ mod 2π.

Since θ = 2π
7 , we calculate:

100θ = 100 · 2π
7

=
200π

7
.

The angle 200π
7 can be reduced modulo 2π. Divide 200 by 7:

200÷ 7 = 28 (remainder 4).

Thus:

100θ =
200π

7
= 28 · 2π +

8π

7
.

Modulo 2π, this reduces to:

100θ ≡ 8π

7
(mod 2π).

Step 2: Express 8π
7 in terms of θ.

Since θ = 2π
7 , we write:

100θ ≡ 4θ (mod 2π).

Step 3: Compute A100.

Using the formula for Ak, we find:

A100 =

cos(4θ) − sin(4θ)

sin(4θ) cos(4θ)

 .

25
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Thus, the given expression becomes:

(1 + x+ x2 + x3)5 =

(
1− x4

1− x

)5

.

Step 2: Expand the numerator and denominator. Expand the expression:(
1− x4

1− x

)5

= (1− x4)5 · (1− x)−5.

Use the binomial theorem to expand (1− x4)5 and (1− x)−5:

(1− x4)5 =

5∑
m=0

(
5

m

)
(−1)mx4m,

(1− x)−5 =

∞∑
n=0

(
n+ 4

4

)
xn.

Step 3: Coefficients of x2k. The coefficient a2k corresponds to the term x2k in the product:(
5∑

m=0

(
5

m

)
(−1)mx4m

)
·

( ∞∑
n=0

(
n+ 4

4

)
xn

)
.

To extract the coefficient of x2k, combine terms where 4m+ n = 2k. For this:

n = 2k − 4m.

The coefficient of x2k is:

a2k =

⌊k/2⌋∑
m=0

(
5

m

)
(−1)m

(
2k − 4m+ 4

4

)
.

Step 4: Compute
∑7

k=0(−1)k · a2k. Substitute a2k into:

7∑
k=0

(−1)k · a2k =

7∑
k=0

(−1)k ·
⌊k/2⌋∑
m=0

(
5

m

)
(−1)m

(
2k − 4m+ 4

4

)
.

Rearrange the summations:
7∑

k=0

(−1)k · a2k =

5∑
m=0

(
5

m

)
(−1)m ·

7∑
k=0

(−1)k
(
2k − 4m+ 4

4

)
.

The inner summation evaluates to 0 due to alternating signs, as (−1)k ensures cancellation of

terms.

Conclusion: The value of
∑7

k=0(−1)k · a2k is:

0 .
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Correct Answer: (D) k = −1

Solution:

The determinant is:

∆ =

∣∣∣∣∣∣∣∣∣
xk xk+2 xk+3

yk yk+2 yk+3

zk zk+2 zk+3

∣∣∣∣∣∣∣∣∣
.

Step 1: Factor out common terms.

Factor out xk, yk, zk from each row:

∆ = xkykzk

∣∣∣∣∣∣∣∣∣
1 x2 x3

1 y2 y3

1 z2 z3

∣∣∣∣∣∣∣∣∣
.

Step 2: Simplify the remaining determinant.

The simplified determinant is:∣∣∣∣∣∣∣∣∣
1 x2 x3

1 y2 y3

1 z2 z3

∣∣∣∣∣∣∣∣∣
= (x− y)(y − z)(z − x).

Thus:

∆ = xkykzk(x− y)(y − z)(z − x).

Step 3: Match with the given expression.

The given determinant is:

(x− y)(y − z)(z − x)

(
1

x
+

1

y
+

1

z

)
.

Rewrite:
1

x
+

1

y
+

1

z
=

xy + yz + zx

xyz
.

The full expression becomes:

∆ = (x− y)(y − z)(z − x) · xy + yz + zx

xyz
.

Step 4: Equate powers of x, y, z.

Compare xkykzk with 1
xyz :

xkykzk =
1

xyz
.
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Let A =

a b

c d

. Substituting A into the equation, we compute step-by-step.

Step 1: Simplify the right product A ·

−3 2

5 −3

.

A ·

−3 2

5 −3

 =

a b

c d

 ·

−3 2

5 −3

 .

Multiply the matrices:a b

c d

 ·

−3 2

5 −3

 =

−3a+ 5b 2a− 3b

−3c+ 5d 2c− 3d

 .

Step 2: Multiply by

2 1

3 2

.

Now multiply: 2 1

3 2

 ·

−3a+ 5b 2a− 3b

−3c+ 5d 2c− 3d

 .

Perform the matrix multiplication:2(−3a+ 5b) + 1(−3c+ 5d) 2(2a− 3b) + 1(2c− 3d)

3(−3a+ 5b) + 2(−3c+ 5d) 3(2a− 3b) + 2(2c− 3d)

 .

Simplify each term: - First row, first column:

2(−3a+ 5b) + (−3c+ 5d) = −6a+ 10b− 3c+ 5d.

- First row, second column:

2(2a− 3b) + (2c− 3d) = 4a− 6b+ 2c− 3d.

- Second row, first column:

3(−3a+ 5b) + 2(−3c+ 5d) = −9a+ 15b− 6c+ 10d.

- Second row, second column:

3(2a− 3b) + 2(2c− 3d) = 6a− 9b+ 4c− 6d.

32
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(D) -1

Correct Answer: (B) −2

Solution:

The determinant of f(x) is:

f(x) =

∣∣∣∣∣∣∣∣∣
cosx x 1

2 sinx x3 2x

tanx x 1

∣∣∣∣∣∣∣∣∣
.

Step 1: Expand the determinant.

Expand along the first row:

f(x) = cos x ·

∣∣∣∣∣∣x
3 2x

x 1

∣∣∣∣∣∣− x ·

∣∣∣∣∣∣2 sinx 2x

tanx 1

∣∣∣∣∣∣+ 1 ·

∣∣∣∣∣∣2 sinx x3

tanx x

∣∣∣∣∣∣ .
Simplify each minor determinant: 1. For the first term:∣∣∣∣∣∣x

3 2x

x 1

∣∣∣∣∣∣ = x3 · 1− 2x · x = x3 − 2x2.

2. For the second term:∣∣∣∣∣∣2 sinx 2x

tanx 1

∣∣∣∣∣∣ = (2 sin x)(1)− (2x)(tanx) = 2 sinx− 2x tanx.

3. For the third term:∣∣∣∣∣∣2 sinx x3

tanx x

∣∣∣∣∣∣ = (2 sin x)(x)− (x3)(tanx) = 2x sinx− x3 tanx.

Thus:

f(x) = cos x(x3 − 2x2)− x(2 sinx− 2x tanx) + (2x sinx− x3 tanx).

Step 2: Simplify f(x)
x2 .

Divide f(x) by x2:

f(x)

x2
=

cosx(x3 − 2x2)

x2
− x(2 sinx− 2x tanx)

x2
+

2x sinx− x3 tanx

x2
.

Simplify each term: 1. First term:

cosx(x3 − 2x2)

x2
= cosx · (x− 2).

34
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31. A biased coin with probability p (where 0 < p < 1) of getting head is tossed until a

head appears for the first time. If the probability that the number of tosses required is

even is 2
5 , then p =:

(A) 1
4

(B) 1
3

(C) 2
3

(D) 3
4

Correct Answer: (B) 1
3

Solution:

1. Step 1: The probability of getting the first head on the kth toss is given by:

P (first head on toss k) = (1− p)k−1 · p

This is because the first k − 1 tosses must be tails (probability 1− p) and the kth toss must be

heads (probability p).

2. Step 2: We are asked to find the probability that the number of tosses required is even.

The event that the number of tosses required is even corresponds to the sum of probabilities

for k = 2, 4, 6, . . ., i.e., the tosses are even.

3. Step 3: The total probability of getting the first head on an even toss is:

P (even toss) = (1− p) · p+ (1− p)3 · p+ (1− p)5 · p+ · · ·

This is an infinite series where the first term is (1− p)p, and the common ratio between

successive terms is (1− p)2.

4. Step 4: The sum of this infinite geometric series is given by:

P (even toss) =
(1− p)p

1− (1− p)2

Simplifying the denominator:

1− (1− p)2 = 1− (1− 2p+ p2) = 2p− p2

40
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34. The equation r cos θ = 2a sin2 θ represents the curve:

(A) x3 = y2(2a+ x)

(B) x2 = y2(2a+ x)

(C) x3 = y2(2a− x)

(D) x3 = y2(2a+ x)

Correct Answer: (C) x3 = y2(2a− x)

Solution:

The given polar equation is:

r cos θ = 2a sin2 θ.

Step 1: Convert to Cartesian coordinates.

We know the following polar-to-Cartesian conversions:

x = r cos θ, y = r sin θ, r2 = x2 + y2.

Substitute x = r cos θ into the given equation:

x = 2a sin2 θ.

Using sin2 θ = y2

r2 , substitute:

x = 2a · y
2

r2
.

Substitute r2 = x2 + y2:

x = 2a · y2

x2 + y2
.

Step 2: Simplify the equation.

Multiply through by x2 + y2:

x(x2 + y2) = 2ay2.

Expand:

x3 + xy2 = 2ay2.

Rearrange:

x3 = y2(2a− x).
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55: Let

A =


1 −1 0

0 1 −1

1 1 1

 , B =


2

1

7

 .

For the validity of the result AX = B, X is:

(A)


−1

1

7



(B)


1

2

4



(C)


3

−1

−1



(D)


4

2

1


Correct Answer: (D)

Solution: 1. The matrix equation AX = B can be solved by substituting each option for X

and checking if the equation holds.

2. Compute AX for X =


4

2

1

:

A =


1 −1 0

0 1 −1

1 1 1

 , X =


4

2

1

 .
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(A) 2

(B) 1

(C) 0

(D) -1

Correct Answer: (C)

Solution:

1. The given function is:

y = tan−1

[
loge

(
e
x2

)
loge(ex

2)

]
+ tan−1

[
3 + 2 loge x

1− 6 · loge x

]
.

2. Simplify the first term:

tan−1

[
loge

(
e
x2

)
loge(ex

2)

]
= tan−1

[
loge e− 2 loge x

loge e+ 2 loge x

]
.

Substitute loge e = 1:

= tan−1

[
1− 2 loge x

1 + 2 loge x

]
.

3. Simplify the second term:

tan−1

[
3 + 2 loge x

1− 6 · loge x

]
.

4. Differentiate y with respect to x: - For tan−1(u), the derivative is:

d

dx
tan−1(u) =

u′

1 + u2
.

5. Compute dy
dx for each term: - For the first term:

u =
1− 2 loge x

1 + 2 loge x
, u′ =

−2/x

(1 + 2 loge x)
2
.

Thus:
d

dx
tan−1

[
1− 2 loge x

1 + 2 loge x

]
=

−2/x
(1+2 loge x)

2

1 +
(
1−2 loge x
1+2 loge x

)2 .
- For the second term, differentiate similarly using:

u =
3+2 loge x
1−6·loge x

, u′ = 2/x(1−6·loge x)−(3+2 loge x)(−6/x)

(1− 6 · loge x)2.
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(A) ±1

(B) ±2

(C) ±3

(D) ±
√
2

Correct Answer: (A),(B)

Solution:

1. Let the given function be:

F (x) =

∫ x2

0

t2 − 5t+ 4

2 + et
dt.

2. Differentiate F (x) with respect to x using the Leibniz rule:

F ′(x) =
d

dx

(∫ x2

0

f(t) dt

)
= f(x2) · d

dx
(x2) = f(x2) · 2x.

Here, f(t) = t2−5t+4
2+et .

3. For the extremum, set F ′(x) = 0:

f(x2) · 2x = 0.

This gives two cases:

- x = 0 (which is not valid for extremum as it lies on the boundary), - f(x2) = 0.

4. Solve f(x2) = 0:
t2 − 5t+ 4

2 + et
= 0 =⇒ t2 − 5t+ 4 = 0.

5. Factorize t2 − 5t+ 4 = 0:

(t− 1)(t− 4) = 0 =⇒ t = 1, t = 4.

6. Since t = x2, we get:

x2 = 1 =⇒ x = ±1, x2 = 4 =⇒ x = ±2.

Thus, the points of extremum are ±2.
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